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ABSTRACT. The expected shortfall is an increasingly popular risk measure in nancial risk
management and possesses the desired sub-additivity property, which is lacking for the Value
at Risk (VaR). We consider two nonparametric expected shortfall estimators for dependent

nancial losses. One is a sample average of excessive losses larger than a VaR. The other
is a kernel smoothed version of the rst estimator (Scaillet, 2004 M ;.heh) Lic ~in gce),
hoping that more accurate estimation can be achieved by smoothing. Our analysis reveals
that the extra kernel smoothing does not produce more accurate estimation of the shortfall.
This is di erent from the estimedii@ex90he aR. 7he3fitung. e otdall.



1. INTRODUCTION

The expected shortfall (ES) and the value at risk (VaR) are popular measures of nancial
risks for an asset or a portfolio of assets. Artzner, Delbaen, Eber and Heath (1999) show that
VaR lacks the sub-additivity property in general and hence is not a coherent risk measure.
In contrast, ES is coherent (Follmer and Schied, 2001) and has become a more attractive
alternative in nancial risk management.

Let {X,}}, be the market values of an asset or a portfolio of assets over n periods of a
time unit. Let Y; = —log(X;:/Xi:—1) be the negative log return (log loss) over the ¢-th period.
Suppose {Y;}7_, is a dependent stationary process with the marginal distribution function
F. Given a positive value p close to zero, the VaR at a con dence level 1 —p is

vy = infly: F@y) > 1-p} W

which is the (1—p)-th quantile of the lose distribution F'. The VaR speci es a level of



a nonparametric kernel estimator and applies it for sensitivity analysis in the context of
portfolio allocation.

An advantage of the nonparametric method is its being model-free and hence is model
robust and avoids bias caused by using a mis-speci ed loss distribution. Financial risk man-
agement is primarily concerned with characteristics of a tail part of the loss distribution.
However, data are generally sparse in the tail and hence proposing a proper parametric loss
model which is adequate for the tail part is not trivial. This is where the nonparametric
method can plays a signi cant role. Another advantage of the nonparametric approach is
that it allows a wide range of data dependence, which makes it adaptable in the context
of nancial losses. The nonparametric estimators considered in this paper can accommo-
date data dependence explicitly since the e ect of the dependence on the variance of the
ES estimation can be clearly spelt out in the variance formula. This is di erent from the
extreme value approach as the latter e ectively treats high exceedances as independent and
identically distribution observations which is true asymptotically under the so-called D and
D' conditions (Leadbetter, Lindgren and Rootzen, 1983). An empirical study by Bellini and
Figa-Talamanca (2002), by carrying out a nonparametric runs test, has shown that nancial
returns can exhibit strong tail dependence even for large threshold levels. This indicates the
need for considering the dependence in nancial returns directly, which is the approach taken
by the nonparametric estimators considered in this paper.

In this paper, we evaluate two nonparametric ES estimators. One is based on a weighted
sample average of excessive losses de ned by a VaR estimator 9, based on an order statistic.
Another is the kernel estimator proposed in Scaillet (2004) which employs kernel smoothing
in both the initial VaR estimation and the nal averaging of the excessive losses. We hope
that the kernel smoothing would make the estimation more accurate as observed for the case
of VaR estimation by Chen and Tang (2005). However, our analysis reveals that the variance
and the mean square error of the kernel estimator is not necessarily smaller than that of a
sample average estimator. As a result, for estimation of the ES, the simpler sample average
of excessive losses is good enough and there is no need to carry out kernel smoothing. This
may be surprising considering that kernel smoothing leads to smaller variance in quantile
estimation for both independent (Sheather and Marron, 1990) and dependent (Chen and



Tang, 2005) observations. The underlying reason for obtaining these di erent e ects of
kernel smoothing lays on the fact that the ES is e ectively a mean parameter, which can be
estimated rather accurately by simple averaging.

The paper is structured as follows. We introduce the two nonparametric ES estimators in
Section 2. Their statistical properties are discussed in Section 3. Section 4 reports simulation
results, which is followed by an empirical study on two nancial series in Section 5. All the
technical details are given in the appendix.

2. NONPARAMETRIC ESTIMATORS

A simple nonparametric estimator of the ES is a weighted average of excessive losses larger
than », where D, = Y([,(1—p)+1) IS the sample VaR (quantile) estimator of v, and Y/, is the
-th order statistic of {Y;};",. Hence, it is

N _ i (Y > Dp) _ I
b= S s py - DT N0 20) 3)

where I(-) is the indicator function.

The kernel estimator proposed by Scaillet (2004) is the following. Let K be a kernel
function, which is a symmetric probability density function, and G(t) = [~ K(y)dy and
Gi(t) = G(t/LL) where A, is a positive smoothing bandwidth. The kernel estimator of the
survival function S(z) =1 — F(x) is

Su(z) = n' S Gz — Vi) @

A kernel estimator of v, denoted as 9, , is the solution of S,(z) = p, as proposed in Gourier-
oux, Laurent and Scaillet (2000).2 By replacing the indicator function and £, with the
smoother G, and 9, respectively in (3) Scaillet (2004) proposed the following kernel esti-
mator

Do = ()1 D YiGi(Dp — Y0). 5)
t=1

2Its statistical properties and how to obtain the standard errors are considered in Chen and Tang (2005).

See also Cai (2002) and Fan and Gu (2003) for kefmpFu3Wcii@m®ILG5512p prop S (wher3)T 1 .2
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Based on the improvement of the kernel VaR estimator 9, ;, over 9, it is expected that the
kernel ES estimator £, , would improve the estimation accuracy of the unsmoothed estimator
£p. Con rming this or otherwise is the focus of the next section.

3. MAIN RESULTS

The properties of these two nonparametric ES estimators are evaluated in this section.
We start with some conditions.
Let F} be the o-algebra of events generated by {Y;, k < ¢ <} for [ > k. The a-mixing
coe cient introduced by Rosenblatt (1956) is
a(k)= sup  |P(AB)— P(A)P(B)|.

AeF| BEFX,

The series is said to be a-mixing if lim;_. (k) = 0. The dependence described by the
a-mixing is the weakest as it is implied by other types of mixing; see Doukhan (1994) for
comprehensive discussions. The following conditions are assumed in our study.

(i) There exists a p € (0, 1) such that a(k) < Cp* for all £ > 1 and a positive constant C.

(i) The distribution F' of Y; is absolutely continuous with probability density f which has
continuous second derivatives in B(v,), a neighborhood of v,; the joint distribution functions
of (Y1, Y1) Fy for k > 1 have all its second partial derivatives bounded in B(v,); E(|Y;|**?) <
C for some 6 > 0 and a positive constant C.

(iii) K is a symmetric probability density satisfying the moment conditions /', yK(y)dy =
0 and [, > K(y)dy = o3 >0, and K has bounded and Lipschitz continuous derivative.

(iv) A satis es |, — 0, nd?~7 — oo for any § > 0 and nd*log*(n) — 0 as n — co.

Condition (i) means that the time series is geometric a-mixing, which is satis ed by
many commonly used nancial time series which include the ARMA, ARCH, the stochastic
volatility and di usion models. For instance Masry and Tj stheim (1995) established the
a-mixing for ARCH model; and Genon{Catalot, Jeantheau and Laredo (2000) for di usion
models. Conditions (ii) contains standard conditions which requires underlying smoothness
for the marginal and pair-wise joint densities together with nite moments for the absolute
returns. Conditions (iii) and (iv) are extra ones required by the kernel estimator. While



Condition (iii) has the usual requirements on the kernel, Condition (iv) speci es a range for
the bandwidth which includes O(n~'/%), the optimal order for estimating VaR estimation.
These conditions are comparable with conditions imposed by other authors. For instance,
Conditions (i), (ii), (iii) and (iv) correspond to Assumption 3.2 (a), (b) and (f), Assumption
3.1 (a) and (c), and (b) of Scaillet (2004) respectively.

Let v(k) = Coy{(Y1 — vu)I(Y1 > 1), (Y1 — vp) ] (Y1 > 1)} for positive integers £ and

2in) = (Var{(i — 5)I(Vi = 1)} +2 3 ()}
k=1

Assumption (i) and the Davydov inequality imply that o2(p,n) is nite for each n and is
converging as n — oo.

We start with evaluating the unsmoothed estimator £, to provide a point of reference for
the kernel estimators. Derivation given in the appendix shows that under conditions (i) and
(i), and for an arbitrary positive x,

Pop—fp = p_l{n_l Zn:(Y;f —vp)I(Y: > vp) — p(pp — vp)} + op(n_3/4+"“). (6)

=1
This is a Bahadur type expansion which leads to the following theorem regarding the asymp-
totic normality of £,,.

THEOREM 1. Under conditions (i)- (ii), as n — oo

ooy 0in) (B — 1) > N (0,1). @)

The theorem indicates that the asymptotic variance of £, is o2(p; n)/(np), which is the
variance of p~ ' {n™' " (V; — v, )I(Y; > v,) — p(pp — vp)}, the leading order term in the
expansion (6). The dependence in the original time series is re ected in the asymptotic
variance through the covariance terms in o2(p; n). This means that we need to accommodate
the dependence in further statistical inference (interval estimation and hypothesis testing)
for the shortfall estimation. We note also that the e ective sample size for the ES estimation
is only np. As p is small ranging between 1% and 5% as commonly used in nancial risk
management, the ES estimator is subject to high volatility which is a common challenge for
statistical inference of risk measures.



The following theorem summarizes the properties of the kernel estimator (5).
THEOREM 2. Under conditions (i)- (iv), as n — oo

Ve i) (Bpn — k) > N (0,1) (8)

and furthermore,
Byas(Rps) = —ip~'0%A2f(1,) +o(1?) and ©)
Var(fpn) = p_ln_lag(p;n)+o(n_lll). (10)

By comparing with Theorem 1, it is found that the kernel estimator has the same asymp-
totic normal distribution as the unsmoothed sample estimator £,. This is similar to the
corresponding results for VaR estimation as reported in Chen and Tang (2005). We also note
that both £, and £, converges to ., at the rate of \/n or more precisely at the rate of /np;
whereas the VaR estimators 9, and 9, , converge to v, at the rate of \/n or more precisely at
the rate of \/nf(v,) where f is the probability density of Y;.

The second part of the theorem conveys a di erent story from VaR estimation. First of
all, unlike the VaR estimation, the kernel estimator does not o er a variance reduction at the
second order of n_lll as the second order term vanishes. At the same time, the smoothing
brings in an bias which will lead to an overall increase in the mean square error. Therefore, for
the purpose of estimating the ES, the kernel smoothing is counter-productive. The underlying
reason is the fact that the ES is e ectively a mean parameter, which can be estimated rather
accurately without smoothing. The situation is similar to nonparametric estimation of the
mean parameter, which can be well estimated by the sample mean.

It should be noted that the above statement is only applicable for point estimation of ES.
For constructing con dence intervals and testing hypothesis on ., in the presence of data
dependence, the kernel smoothing can play a signi cant role in estimating o2(p;n) via the
spectral density estimation approach.

4. SIMULATION STUDY

In this section we report results from a simulation study which evaluate the performance
of the nonparametric ES estimators. The main objective is to con rm our theoretical ndings

in the previous section.



The models chosen for the log loss Y; in the simulation are

an



via a kernel estimation of the spectral density of



p =n/(2q) and 4*(¢) = MaXo<j<oq-1 E (Z}(Jg;]_ﬂ X) From an equality given in Yokoyama

(1980), y*(q) < Cp. Apply Theorem 1.3 in Bosq (1998) for a-mixing sequences,

P{|F,(vy + €,) — F(v, + €,)| > Ci€,}

dexp (19 ) 1 2201+ By 2ga /)] (A2
802(q) Cien
where o%(q) = 2p—?y*(q) + €, = Ce,. Itis obvious that
C2eq
— n < — A.
4exp ( 80%(q)) = dexp{—Csenq} (A3)

where Cy > 0. Since ne2 — oo means ge, — oo, the rst term in (A.2) converges to zero
exponentially fast. On the second term of (A.2), the geometric a-mixing implies that

1/2 1/2 —1
22{1+ ((78 > go{[n/Qq)l} < Ce, V2gpl*1og (/2 (A.9)
€

which converges to zero exponentially fast too. This completes the proof of Lemma 1. o.

n

LEMMA 2. Under the conditions (i)-(ii) and for any « > 0,

n Y = I 2 0,) — 1Y, 2 1)} = 0, (1),
PROOF: Let W, = (Y; —v,){I(Y: > 0,) — I(Y; > 1,,)}. We rst evaluate E(11;) Note that
EW,) =: —I;1 + ;5 where
In = E{(YVi—v) (v, <Y, < D))I(D,>1,)} and
In = E{(Y; = v)I(0, <Yi < )10, < 1)}
Furthermore let [;; = I;11 + I and [;o = I;o; + 1190 Where, for a € (0,1/2) and n > 0,
Ini = E{(Y; —vp) (v, <Y < D)I(D, > v, + 70},
Ino = B{(i =) (v, < Vi < D)1 (v, < D, < 1y + 7 "n)},
I = E{(Y; =) > Yi > B,)I(D, <v, —n~"n)} and
Loy = E{(Y; =) (vp > Y, > D) (vp > D, > v, — 0“0}

Applying the Cauchy-Swartz inequality, for £k =1 and 2,

Lo | < \/E(Dp — )2 P (|0 — vp| = n7n).

10



Then Lemma 1 and the fact that F (9, — v,,)? = O(n™') imply
Ix1 — 0 exponentially fast. (A.5)
To evaluate I;;5, we note that |I;10| < E{(Y; — v,)I(v, <Y < v, +n %n)}. This means
vptn~n
Lz < [T Ty = ) )z = O,

Using the exactly same approach we can show that I;5, = O(n2?) as well. These and (A.5)
mean, by choosing a = —1/2 + ~ where v > 0 is arbitrarily small,

E(W,) = o(n~1") (A.6)
for an arbitrarily small positive , which in turn implies
E|n™ 00 = v 07 2 1) = 107 2 )} = o). (A7)
We now consider Vas(W;). For a € (0,1/2),

BW2) = E|(Y:— v, {I(% > 0,) — 21(Y; = D,)I(Y; > 1) + (Y, > Vp)}]

= B[00 w1, > Y2 0) + 160, > Vi > )]

= B|(Yi =) 10, <Y < ,{I(0, > vy —n ") + (P, < v, _anﬁ)}
+ BV - ’/p)21(0p >V > {0, > vy +nn) + (D, < v+ n_“n)}]'
Note that

E{I(0, <Y <) (0, <v,—n"n)} < P(|0, —v,| >n ") and
E{I(0, > Y, > v,) (0, > v, +n )} < P(IP, — vp| > n"%n)

which converge to zero exponentially fast as implied by Lemma 1. Applying the Cauchy-
Schwartz inequality, we have

E{(Y; — )10, < Y; < v,)I(P, < v, —n "n)} and
E{(Y: = )’ I(D, > Y > 1) I(D, > v + 0" "n)}

11



converge to zero exponentially fast as well. Then, applying the same method that establish
(A.6), we have

E{(Y; =)’ I(0, <Y <p)I(P, > v, —n “n)} = O(n**) and
E{(Y: = vp)’I(D, > Yi 2 ) 1(D, < vp + n7")} = O(n ™).

In summary we have E(W?2) = o(n=3/2t%). This and (A.6) mean Var(W;) = o(n=3/2*%).

By slightly modifying the above derivation for Vas(WW;), it may be shown that for any ¢, t,
Coy(Wr,, Wi,) = o(n=3/2+%). Therefore,

Var[n ! 500 ) 107 2 1) — 107 2 1)} = o0 74%) (A8)

This together with (A.7) readily establishes the lemma.

LEMMA 3. Let 8 = (np)~' = YiGu(vp, — Y3) and # = (nd) ' S, Vi K — ¥3). Under the
conditions (i)-(iv),

@ Coy|B{p— S HIw) = 1)} ] = oln'h),

(®) CoglB.(0 = ip— S} = o(n™'4).

© Cogltn = S16n)L O~ b~ Su)}] = otn~ ).

PROOF: We only present the proof of (a) as the proofs for the others are similar. De ne
B=EP). Let B—p3=n""Lou(¥), ) = f(5) = n' Lyp(¥) +OA2) and p— Fi(v,) =
n-! Y ys(Ye) + O(Lf) for some functions 4/;, j = 1,2 and 3, such that E{y,;(¥;)} = 0. For
instance, r'/ﬁ(Y,;) = Kn(v, —Y:) — E{K\(v, — Y})} and 'Jjg(Y;) = Gp(v, — Y1) — E{Gn(v, — V) }.

Using the approach in Billingsley (1968, p 173),

A = (B[ = 5)p - St HIE) - )}

< Y B ()Y ) HIE] + O + 0 ?)
i>1,j>1,i+j<n

(A.9)
where [6] indicates all the six di erent permutations among the three indices. Let p =2 + 4,

g=2+dand st =1—p! — ¢! for some positive §. From the Davydov inequality,
B {i V)V (Vi) < 120 (Z)| o g2 (Vs (Zie 4> 5).

12






We are to employing the blo



By choosing + = n® for a € (0,1) and £’ = n° such that ¢ € (0,1 — a), we can show that the
left hand side of (A.15) converges to 0 as n — oo. Hence

.20 as n— oo, (A.16)
Therefore, S, = n~2 Y5 Wy, + 0,(1).

By applying the inequality estbalished in Yokoyama (1980) and the construction of W,

we ha



Let n = E{p” ' ViKu(Y; — 1)} = 7" [(vp — WK () f(vp — Wg)dy = p~ v, f(1) + O2).
Using a standard derivations for a-mixing sequences for instance those given in Bosq (1998),
we have Coy{(np) ' X YiKn(vy — Vi), Dpr — v} = O(n™1). Hence, from (A.18),

E{(np)™' D_YiK(p = Y)(Ppr — vp)} = nE@pn — 1) +O(n™)
= Iyl 20k + o) + O(n~ ' YA.21)
Combine (A.19), (A.20) and (A.21),
E(pn) = b — b7 0%02f () + od2) + O(n™")
which establishes the bias given in (9).

We now derive the variance of #,,. Let A; = (np) ' > {YiGu(v, — V2) — ViKL (v, —
Y)(P,1, — 1)} be the leading order term of the expansion (A.19).
Then,

Var(A1)) = Var{(np) ' Y YiGu(vp — YO} + Vas{f{(Pps — 1)}
— 2Cog{(np) " 3. YiGulvy — o). MBy — 1)} (A.22)
It is easy to see that
Var{(np) ™' Y_YiGn(v, — Y1)}

= nlp7? [Va?‘{YiGh(Vp - Y} +2 kZl(l — k/n)Coy{Y1Gr(vy, — Y1), Y1 Gr(vp — Yiq1)|.
Let cx = [Ty K (g)dy [* K(y)dy. It may be shown that

Var{iGalv, - Y0} =[2G — ()= — 1212+ OU?)
/_ O; K()dy [ /_ ZO K(y)dy{ / Oo 2 f(2)dz + / _h Zf(2)dz}

+ / T KGy)dy! :O 2f(2)dz + / _ [~ + OUD)
Var{YVI(Y; > v,)} — 21%3 fwp)er + O(Lf). (A.23)

Equation (A.23) and Lemma 3 mean
Var{(np)~* Z Y:Gr(v, — Y1)} = p 2 Var{o:1(vp)} — 2n‘1LLV§f(Vp)cK(1) + o(n_llb). (A.24)

16



The second term on the right hand side of (A.22) is

Var{n(@pn —vp)} + (B = 0)Opr — 1)}
= *Var(Ppn) + 20Cog(Dpn, (A — 0)(Pp — 1)} + Vasr{(h — n)(Ppn — v;p)}.

It may be shown by using the fact that » = p~'v, f(v,) + O(Lf)

*Var(Dpn) = p_QVI?Var{n_l SIY: > )} — 2p_2n_1byif(yp)c;< + o(n~'b). (A.25)

t=1

From the inequality given in Yokoyama (1980) for a-mixing sequences,
E(0pn =)' <Cn™ and  E(f —n)' = 0@n 1),
Applying the Cauchy-Schwartz inequality and Lemma 3,

Var{(h —n)(Ppr — vp)} = O(n_QLL_3/2) = o(n_llb) and (A.26)
CO’J{W(Dp,h - Vp)ap_l(ﬁ —n)(Ppn — Vp)} = O(n_llb)- (A.27)

Combine (A.25), (A.26) and (A.27),
Var{f(Ppn — 1p)} = 020 Var{da (1)} — 2p_2n_lllyzf(yp)c;< + o(n_llb). (A.28)

From Lemma 3, the covariance term on the right hand side of (A.22) is
C’oy{(np)_l Z Y;th(Vp - Y,;), ﬁ(Dp,h - Vp)}
t=1

= Coy{(np)™ i YiGr(vp = Vo), nf " (p)n ™! i Gi(vp — Yi)} +o(n™'1)

= (np2)_11/p [CO’J{YiGh(Vp - Y,;), Gh(yp - Y;)}

n—1

+2 3 (1 — k/n)Coy{ViGi(vp — V1), Ga(vy — Yk+1)}] +o(n'1)
k=1
Since Coy{Y;Gr(vp — Y2), Gr(vp — Y) } = p(1 — D) pop — 2vp fF(p)hek + o(L),
Coplu) ™ Y- ViGuy ¥, () Vi, — YO — 1)} (A29)

=1

= n_lp_%/PCO';{(ﬁl(Vp)v ¢2(Vp)} - 2n_1p_21/§f(yp)llc;( + O(LL)-

17



Substitute (A.25), (A.28) and (A.29) to (A.22), we note that all the second order terms of
O(n—lll) cancel out each other and therefore

Var(p,) = p_ln_lag(p,n)+o(n_lll), (A.30)

which establish (10).
The asymptotic n5Baality of £, ; can be established from (A.19) by using the same block-
ing method as that in the proof of Theorem 1.
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